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Abstract
We study the Compton scattering in the noncommutative counter part of
QED (NC QED). Interactions in NC QED have momentum dependent phase
factors and the gauge fields have Yang-Mills type couplings, this modifies
the cross sections and are different from the commuting Standard Model.
Collider signals of noncommutative space-time are studied at the Next Linear
Collider (NLC) operating in the eγ mode. Results for different polarised
cases are presented and it is shown that the Compton process can probe the
noncommutative scale in the range of 1 - 2.5 TeV for typical proposed NLC
energies.
I. INTRODUCTION
The idea that the space-time could be noncommutative (NC) dates back to the work
of Snyder [1] in 1947. Noncommutative field theory (NCFT) has been of recent interest
following the realisation in string theory that NC spaces comes about in a specific low energy
limit of D-branes dynamics in the presence of certain U(1) constant background magnetic
field [2]. Prior to this, noncommutative geometry and the field theoretical construction on
it was developed purely in general mathematical framework [3]. The noncommutativity of
such a space can be characterised by the commutator of coordinates xµ
[xµ, xν ] = i θµν , (1)
where the matrix θµν is real, antisymmetric and commutes with space-time coordinate x
µ.
The NC parameter θµν has dimensions of area and reflects the extent to which the particular
coordinates noncommute. Further a NC scale ΛNC can be introduced above which the
coordinates are noncommuting
[xµ, xν ] = i
cµν
Λ2NC
, (2)
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where cµν has the same properties as θµν but the strength of noncommutativity has been
absorbed in the NC scale ΛNC .
Various aspects of field theory on noncommutative space have been analysed. The per-
turbative structure and the renormalisability of these theories have been studied [4]. One
of the major out come of these studies is that the ultraviolet and infrared effects in non-
commutative field theory do not decouple [5]. Hence physics at short distance can affect
physics at long distance and vice versa. The causal behaviour of space-space and space-time
noncommutativity has been studied and shown that while space-space noncommutativity
is causal and unitary, the space-time is acausal and non unitary in NCFT, but it could
be restored in string theory [6]. Apart from string theory [6], unitarity of space-time non-
locality can also be restored in super Yang-Mills theory [7]. Noncommutative QED (NC
QED) has been shown to be one loop renormalisable [8,9]. The C, P, T properties of NC
QED has also been studied and is found to be CPT invariant for space-space and space-
time noncommutativity [10]. There has also been attempts to formulate a noncommutative
Glashow-Weinberg-Salam model [11]. Hence it would be interesting to explore the possible
effects of noncommutativity at the collider level.
Noncommutative effects at the colliders has been studied for the first time by Hewett
et. al. [12]. They have considered several 2 → 2 processes in e+e− collisions at the Next
Linear Collider (NLC) and shown that NC scale of the order of a TeV can be probed at the
NLC. Though the NC scale ΛNC could be the Planck or the GUT scale it was argued in
the context of the recent work on possible TeV scale quantum gravity [17,18] that one could
as well consider the NC scale ΛNC to be not too far from the TeV scale [12]. They have
considered the Moller, Bhabha and annihilation process in the e+e− mode and γγ → γγ
process in the γγ mode of NLC. The 95 % lower bound on the ΛNC for the various process
obtained are (a) 1700 GeV for Moller, (b) 1050 GeV for Bhabha, (c) in the range 740-840
GeV for annihilation and (e) for γγ → γγ the space-time NC yields 700-800 GeV while
space-space NC gives 500 GeV [12]. Other phenomenological aspects of noncommutativity
has been studied [13–15] and bounds on the θ parameter obtained for high and low energy
limits.
The NLC is planned to operate in e+e−, γγ and eγ mode. At high energy and luminosity,
the e+e− collider can yield a γ beam of comparable energy and luminosity using the laser back
scattering technique [19]. The NLC is an ideal testing ground of the Standard Model (SM)
and a very effective probe of possible physics that may lie beyond the SM. The experiment
at the NLC also provides a great degree of precision because of the relatively clean initial
states and the degree of precision can be enhanced by using the polarisation of the initial
states. Hence we have considered the possibility of testing the NC effects at the NLC in the
eγ mode by studying the Compton scattering.
In sec. 2 we introduce the basics of NC QED. Sec. 3 we present the cross section for
Compton scattering in NC space. The numerical results and possible reach of the NLC is
discussed in sec. 4. Finally we summarise our results in sec. 5.
II. NC QED
The one loop UV divergent structure of U(1) Yang-Mills theory on noncommutative
R4 has been analysed [8]. The mathematical structure of the quantum field theory over
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a noncommutative space is not yet well understood but by assuming that the quantum
theory is defined by the generating functional of the theory, it was shown that the theory
is renormalisable at the one loop level [8]. The matter fields where introduced and the
perturbative aspects of NC QED have been analysed [9]. The NC QED action is given by
SNC QED =
∫
ddx
(
− 1
4g2
Fµν ∗ F µν + ψ¯ ∗ γµiDµψ −mψ¯ ∗ ψ
)
, (3)
where the ∗-product is defined as
A ∗B(x) = exp
(
i
2
θµν
∂
∂ξµ
∂
∂ην
)
A(x+ ξ)B(x+ η)|ξ,η=0 . (4)
The noncommutativity of space modifies the algebra of functions and even in the U(1) case
the field strength is nonlinear and has the form Fµν = ∂µAν−∂νAµ− i[Aµ, Aν ]M . The Moyal
bracket [A,B]M is a commutator under ∗-product. The covariant derivative for the matter
fields is given by
Dµψ = ∂µψ − i Aµ ∗ ψ , Dµψ¯ = ∂µψ¯ + i ψ¯ ∗ Aµ . (5)
There exist other possible choice of covariant derivative which are related to the above by
charge conjugation and are detailed in [10]. The action eq. (3) is invariant under the NC
gauge transformation
Aµ(x)→ A′(x) = U(x) ∗ Aµ(x) ∗ U−1(x) + iU(x) ∗ ∂µU−1(x) ,
ψ(x)→ ψ′(x) = U(x) ∗ ψ(x) , ψ¯(x)→ ψ¯′(x) = ψ¯(x) ∗ U(x)−1 , (6)
where U(x) = exp(iα(x))∗ is defined as an infinite series of the scalar function α(x) under
∗-product and U(x)−1 is its inverse. Note that due to the ∗-product algebra of the NC space,
the Lagrangian is no longer invariant under the NC gauge transformation but the action is.
Hence this gives the basic ingredients needed to derive the Feynman rules [9]. Each of the
interaction vertex picks up a phase factor which depends on the momentum and even in the
U(1) case, Aµ couples to itself and there exist three and four point photon vertices. The
propagators are the same as the commuting theory. Due to noncommutativity, the theory is
manifestly nonlocal in the noncommuting coordinates and this leads to violation of Lorentz
invariance.
III. COMPTON SCATTERING IN NC QED
The Feynman diagrams that contributes to the tree level process γ(k1)e(p1)→ γ(k2)e(p2)
in the NC QED has the usual s- and u-channel diagrams and in addition there is also a t-
channel diagram coming from the triple photon vertex. The amplitude is given by
M = −i g2 exp( i
2
p1 ∧ p2) ǫ1µ(k1) ǫ2∗ν(k2)[(
1
sˆ
u¯(p2)γν( 6 p1+ 6 k1)γµu(p1) + V
µνρ
tˆ
u¯(p2)γρu(p1)
)
exp
(
i
2
p12 ∧ k2
)
+
(
1
uˆ
u¯(p2)γµ( 6 p1− 6 k2)γνu(p1)− V
µνρ
tˆ
u¯(p2)γρu(p1)
)
exp
(−i
2
p12 ∧ k2
)]
, (7)
3
where g is the NC coupling, p12 = p1−p2, the hat on the Mandelstam variables corresponds
to the eγ subprocess and the three photon vertex function V is given by
Vµνρ = gµρ(2k1 − k2)ν + gνρ(2k2 − k1)µ − gµν(k1 + k2)ρ . (8)
The ∧-product is defined as
p1 ∧ p2 = θµν pµ1 pν2 =
cµν
Λ2NC
pµ1 p
ν
2 . (9)
The NC effects appear as the phase factors. In the commuting limit θ → 0 the SM diagrams
are recovered. Due to the triple photon NC contribution, care should be taken to check the
Ward identity and to retain only the physical photon degrees of freedom. The NC effects at
the cross section could arise from the interference of diagrams which could pick up a phase
or from the explicit three and four photon vertex diagrams.
At the NLC, γ beam can be obtained from laser back scattering and hence has a distri-
bution in energy and helicity of the parent electron and laser beam. The differential cross
section for the Compton scattering at the NLC is given by
dσ
dΩ
= α2
∫
dx
f(x)
xs
(
1 + Pe2ξ2(x)
2
|M++|2 + 1− Pe2ξ2(x)
2
|M+−|2
)
, (10)
where α = g2/4π, x is the fraction of the parent electron energy carried by the photon, s
corresponds to the cms lab frame of the e+e− pair and Pe2 is the beam polarisation of the
electron beam. The photon number density f(x), the Stokes parameter ξ2(x) are functions of
x, the parent electron and laser beam polarisation. The details are given in the Appendix. It
has been suggested in [15] to study the low energy Thomson limit of the Compton scattering
in NC case to find the physical value of NC coupling as in the QED case [16]. Whether this
property of Thomson limit holds for the NC case is being investigated [15].
The matrix element square |Mij |2 corresponds to the subprocess γ(i) e(j)→ γ e, where
i, j denotes the respective initial helicities while the final helicities are summed over. The
polarised |Mij |2 are given by
|M++|2 = − sˆ
uˆ
+ 4
sˆ2
tˆ2
sin2∆C ,
|M+−|2 = − uˆ
sˆ
+ 4
uˆ2
tˆ2
sin2∆C , (11)
where the noncommuting phase is
∆C =
1
2
p12 ∧ k2 . (12)
The NC effects for the Compton scattering reside in the even function sin2∆C and taking the
commuting limit ∆C → 0 one recovers the SM form. The commuting limit seems possible
at the tree level but in the far infrared the physics might look different due to loop effects
and ultraviolet/infrared mixing [8,9]. To perform the phenomenology we assume the terms
independent of the NC scale as the SM contribution and study the effects induced by the
noncommutativity.
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The NC Compton phase in the above equation is an out come of a combination of phase
effects arising from the t-channel triple photon vertex diagram, its interference with the s-
and u-channel diagrams and the interference between the s- and u-channel diagrams. The
polar angle dependence of the above equation is different for the commuting SM and can
be suitably exploited to distinguish the NC QED contribution. The cross section eq. (10)
is a function of the polarisation of the electron, the parent electron and laser beams. The
polarisation can be used as a useful tool for the analysis.
To evaluate ∆C we have to go to a specific frame and we choose the eγ cms frame
k1 =
√
sˆ
2
(1, 0, 0, 1) , k2 =
√
sˆ
2
(1, sin θ cosφ, sin θ sinφ, cos θ) ,
p1 =
√
sˆ
2
(1, 0, 0,−1) , p2 =
√
sˆ
2
(1,− sin θ cosφ,− sin θ sinφ,− cos θ) , (13)
where θ is the polar angle in the eγ cms frame and the corresponding Mandelstam variables
are tˆ = (k1 − k2)2 = −sˆ(1 − cos θ)/2, uˆ = (k1 − p2)2 = −sˆ(1 + cos θ)/2 and sˆ = x s. The
Compton phase factor ∆C in this frame has the form
∆C =
sˆ
8Λ2NC
(− c13 sin θ cos φ− c23 sin θ sinφ
+ c01 sin θ cos φ+ c02 sin θ sinφ+ c03(−1 + cos θ)) . (14)
Note that ∆C gets contributions from space-space and space-time noncommutativity. From
the phase factor there is an additional polar angle dependence in the cross section and unlike
the usual 2→ 2 process there is also an azimuthal angle dependence. The explicit form of the
phase factor depends on the amount of noncommutativity of the particular noncommuting
coordinates, ie. the magnitude of the components of cµν . For the numerical analysis we
choose a few specific cases described in the next section.
IV. NUMERICAL RESULTS
Before we present our numerical analysis it is important to point out that the phase factor
∆C depends on the choice of frame and hence the cross section is not Lorentz invariant. But
nonlocality and violation of Lorentz invariance are manifestation of NC spaces and if the
space is indeed noncommuting above some scale ΛNC the effects of these violation could
be observed close to ΛNC . This could for instance be an azimuthal angle dependence in a
2 → 2 process. As was pointed out in [12], two experiments could still compare results by
converting to a common frame of reference which could be some slowly varying astronomical
co-ordinate system.
To perform the analysis we consider two cases viz. (I) c0i = 0 and cij 6= 0 (space-space
NC) and (II) c0i 6= 0 and cij = 0 (space-time NC). Further assuming the components of cµν
to be of order of unity
∆IC = −
sˆ
8Λ2NC
sin θ cos(φ− β) ; c0i = 0 , cij 6= 0 ,
∆IIC =
sˆ
8Λ2NC
(− cosα + cosα cos θ + sinα sin θ cos(φ− β) ; c0i 6= 0 , cij = 0 , (15)
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where in case-I the noncommutativity is parametrised as c13 = cos β, c23 = sin β and in
case-II, c01 = sinα cos β, c02 = sinα sin β and c03 = cosα. The angle β fixes the origin from
where the azimuthal angle φ is measured and is chosen to be β = π/2. This chooses a
specific direction and hence a violation of the Lorentz symmetry. It is instructive to look at
the explicit form of the the phase factor for β = π/2 and for the various values of α
∆IC = −
sˆ
8Λ2NC
sin θ sin φ ; c13 = 0, c23 = 1 ,
∆IIC |0 =
sˆ
8Λ2NC
(−1 + cos θ) ; c01 = 0, c02 = 0, c03 = 1 ,
∆IIC |pi4 =
sˆ
8
√
2Λ2NC
(−1 + cos θ + sin θ sinφ) ; c01 = 0, c02 = 1√
2
, c03 =
1√
2
,
∆IIC |pi
2
=
sˆ
8Λ2NC
sin θ sinφ ; c01 = 0, c02 = 1, c03 = 0 . (16)
The above cases have definite meaning with respect to the constant background field respon-
sible for the noncommutativity [2]. The space-space noncommutativity cij 6= 0 corresponds
to a background magnetic field in the direction perpendicular to ij while the space-time
noncommutativity c0i 6= 0 corresponds to a background electric field in the direction char-
acterised by an angle α with respect to the beam direction. Case-I and case-IIc (α = π/2)
have the same form at the cross section level. Case-IIa does not have an azimuthal an-
gle dependence. For the numerical analysis we will only consider the distinct cases-I, IIa
and IIb (α = π/4). We have taken x in the range [0.1,0.82] and have a cut on the polar
angle in the e+e− cms lab frame, | cos θlab| < 0.95. The results are presented for
√
s in
the range [500,1500] GeV. Further the various polarisation states are considered denoted
by (Pe1, Pl1, Pe2) where Pe1 and Pl1 corresponds to the parent electron and laser beam and
Pe2 the other electron beam which interacts with the photon beam in the subprocess. The
polarisation state (0, 0, 0) corresponds to the unpolarised case.
In fig. 1 the various polarisation states of case-I has been plotted as a function of
√
s in
the range [500,1500] GeV for ΛNC = 500 GeV. The polarisation state (+,+,+) is the most
dominant. To compare this with the commuting limit (SM), we have plotted the unpolarised
cross section (0, 0, 0) for NC and SM for case-I with ΛNC = 500 GeV. The SM contribution
drops much faster then the NC contribution at larger
√
s and hence can be probed at the
NLC. This behaviour is typical for each of the NC cases under consideration and as the
NC scale ΛNC is increased the drop with
√
s becomes similar to the SM case though it is
still higher. To study the reach possibilities at NLC as a function of the NC scale ΛNC we
perform a χ2(ΛNC) fit using
χ2(ΛNC) =
L
σSM
(σSM − σNC(ΛNC))2 , (17)
where L is the luminosity, σSM is the SM total cross section and σNC is the NC QED total
cross section. We choose an integrated luminosity
∫
L = 500 fb−1 for the calculation. We
obtain the 95 % CL lower bound on ΛNC by demanding χ
2(ΛNC) ≥ 4. The reach at NLC
for various NC cases have been tabulated in Table I for
√
s = 500, 1000 and 1500 GeV. The
various polarisation states give different search limits and the range has been summarised
in Table I.
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The the typical azimuthal angle dependence of the various NC cases have been plotted
in fig. 2, for
√
s = ΛNC = 500 GeV. Inspection of eq. (16) shows the φ dependence, which
corresponds to the choice of noncommutativity. Case-IIa is independent of φ while Case-I
and Case-IIb have distinct φ dependence as shown in fig. 2.
The polar angle dependence of the SM and NC is different as can be see in eq. (11). The
SM has 1/u dependence and hence will peak in the backward direction while the NC case has
an additional 1/t2 dependence and hence also has a forward dominance. The NC cross section
has been plotted as a function of eγ cms polar angle cos θ for
√
s = ΛNC = 500 GeV. In
fig. 3a the various polarisation states have been compared. To exhibit the forward dominance
of NC case we have plotted in fig. 3b the (+,+,−) polarisation state in comparison to the
SM.
V. CONCLUSIONS
In this paper we have considered the Compton scattering in the noncommutative QED
and studied the various distributions at the NLC in the eγ mode. The NC phase factor
∆C has contributions from space-space and space-time noncommutativity. We have consid-
ered the two cases separately. The various noncommutative cases considered have distinct
azimuthal angle dependence. The polar angle dependence for noncommuting and the com-
muting SM is also different and can be used to probe the noncommutativity. The 95% CL
reach possibilities of NC scale ΛNC for various noncommuting cases at the NLC operating
in the
√
s range [500,1500] GeV has been given in Table. I.
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APPENDIX:
This appendix contains the useful formulae for the distribution of photon produced using
the laser back scattering technique. The electron beam responsible for the production of
photon beam is called the parent electron. For further details regarding laser back scattering
technique, refer to the original work [19]. The photon beam produced by laser back scattering
has number density given by the distribution
f(x, Pe, Pl; z) =
2πα2
m2ezσC
C(x) , (A1)
where Pe is the polarisation of the electron beam and is taken at 90% level (Pe = ±0.9),
Pl is the laser beam polarisation and can achieve almost 100 % (Pl = ±1). The fraction
of the parent electron beam energy carried by the photon is denoted by x. The maximum
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value x can take is 0.82, above this value the laser beam and back scattered photon can pair
produce e+e− pairs and hence decreases the efficient of the process. xmax = z/(1 + z) and
the optimal value for z is zOPT = 2(1 +
√
2). The function C(x) and σC is given by
C(x) =
1
1− x + 1− x− 4r(1− r)− Pe Pl rz(2r − 1)(2− x) ,
σC =
2πα2
m2ez
[(
1− 4
z
− 8
z2
)
ln(1 + z) +
1
2
+
8
z
− 1
2(1 + z)2
+Pe Pl
((
1 +
2
z
)
ln(1 + z)− 5
2
+
1
1 + z
− 1
2(1 + z)2
)]
, (A2)
where r = x/(z(1− x)). The Stokes parameter is defined as
ξ2(x, Pe, Pl; z) =
Pe
C(x)
(
x
1− x + x(2r − 1)
2
)
− Pl
C(x)
(2r − 1)
(
1− x+ 1
1− x
)
. (A3)
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TABLES
NC
√
s = 500
√
s = 1000
√
s = 1500
Case-I 1050(+ −+) - 1190(+ + +) 1780(+ −−) - 1840(+ −+) 2410(+ + +) - 2530(+ −+)
Case-IIa 890(+ +−) - 1140(+ + +) 1530(+ +−) - 1730(+ + +) 2080(+ +−) - 2340(+ −+)
Case-IIb 990(+ +−) - 1150(+ + +) 1670(+ −−) - 1780(+ + +) 2270(+ −−) - 2440(+ −+)
TABLE I. 95% C.L. limits on the NC scale ΛNC in GeV for
√
s =500, 1000, 1500 GeV obtained
using an integrated luminosity
∫
L = 500 fb−1. The various polarisation states that yield the limits
is indicated as (Pe1, Pl1, Pe2).
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FIG. 1. (a) Total cross section as a function of
√
s for various polarisation states (Pe1, Pl1, Pe2).
(b) Unpolarised total cross section (0, 0, 0) as a function of
√
s for the NC and SM.
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FIG. 2. Azimuthal angle dependence for various case of noncommutativity and polarisation.
The solid line denotes NC and the doted line denotes the corresponding SM.
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FIG. 3. (a) The differential cross section for noncommutativity case-I as a function of eγ cms
polar angle cos θ for
√
s = ΛNC = 500 GeV for various polarisation states. (b) The differential
cross section for the polarisation state (+,+,−) for NC and SM.
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